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The Farmer's Problem

Consider a European farmer who specializes in raising grain, corn, and sugar beets on
his 500 acres of land. During the winter, he wants to decide how much land to devote
to each crop.

The farmer knows that at least 200 tons (T) of wheat and 240 T of corn are needed
for cattle feed. These amounts can be raised on the farm or bought from a wholesaler.
Any production in excess of the feeding requirement would be sold. Selling prices are
$170 and $150 per ton of wheat and corn, respectively. The purchase prices are 40%
more than this due to the wholesaler's margin and transportation costs.

Another profitable crop is sugar beet, which sells at $36/T; however, the European
Commission imposes a quota on sugar beet production. Any amount in excess of the
quota can be sold only at $10/T. The farmer’s quota for next year is 6000 T.
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The Farmer's Problem

TABLE 1. Data for farmer’s problem.

ment (T)

Wheat Corn Sugar Beets
Yield (T/acre) 2.5 3 20
Planting cost ($/acre) 150 230 260
Selling price ($/7T) 170 150 36 under 6000 T
10 above 6000 T
Purchase price ($/T) 238 210 -
Minimum require- 200 240 -

Total available land: 500 acres
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The Farmer's Problem

x1 = acres of land devoted to wheat,
x5 = acres of land devoted to corn,

x3 = acres of land devoted to sugar beets, min 1502y + 23022 + 26023 + 238y, — 170wy

wy = tons of wheat sold, +210y2 — 150we—36ws — 10wy

y1 = tons of wheat purchased, s.t. 1 + 29 + 23 <500, 2.5 £1 + y1 — wy > 200,

wg = tons of corn sold, 3 xo + Yz — wy > 240,w3 + wy < 20z3, w3 < 6000,

12 = tons of corn purchased,
w3 = tons of sugar beets sold at the favorable price,
w4 = tons of sugar beets sold at the lower price.

T1, T2, T3,Y1, Y2, W1, W2, w3, wq > 0.
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The Farmer's Problem

The farmer becomes worried. He has indeed experienced quite different yields for the
same crop over different years mainly because of changing weather conditions. Most
crops need rain during the few weeks after seeding or planting, then sunshine is
welcome for the rest of the growing period. Sunshine should, however, not turn into
drought, which causes severe yield reductions. Dry weather is again beneficial during
harvest. From all these factors, yields varying 20 to 25% above or below the mean
yield are not unusual.

To fix these ideas, “above” and “below"” average indicate a yield 20% above or below
the mean yield given in Table 1.
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The Farmer's Problem

TABLE 3. Optimal solution based on above average yields (+ 20%).

Culture Wheat Corn Sugar Beets
Surface (acres) 183.33 66.67 250
Yield (T) 550 240 6000
Sales (T) 350 6000
Purchase (T)

Overall profit: $167,667
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The Farmer's Problem

TABLE 4. Optimal solution based on below average yields (—20%).

Culture Wheat Corn Sugar Beets
Surface (acres) 100 25 375
Yield (T) 200 60 6000
Sales (T) 6000
Purchase (T) 180

Overall profit: $59,950
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The Farmer's Problem

The farmer now realizes that he is unable to make a perfect decision that would be
best in all circumstances. He would, therefore, want to assess the benefits and losses
of each decision in each situation. Decisions on land assignment (x1, 2, x3) have to
be taken now, but sales and purchases (w;,i =1,...,4,y;,j = 1,2) depend on the
yields.

It is useful to index those decisions by a scenario index s = 1,2, 3 corresponding to
above average, average, or below average yields, respectively.
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The Farmer's Problem

min 150x1 + 23025 + 260$3—%(170w11 — 238y11 + 150ws;
—210y21 + 36wsy + 10wy )
—%(1701{112 — 238y12 + 150ws2
—210y29 + 36wss + 10wy2)
—%(1701013 — 238y13 + 150wa3

7210y23 + 36wsz + 1011143)
s.t.
1+ xo + 3 <500, 311 + Y11 —wi1 > 200, 3.6x9 + Y21 — way > 240,
way + wy < 24x3, wy; < 6000, 2.521 + y12 — w12 > 200,
320 4 Yoo — way > 240, wsatwaz < 20x3, wsas < 6000,
221 + y13 — w1z > 200, 2.4xo+41y23 — woz > 240, wiz + wyz < 1623,
wzz < 6000, z,y,w > 0.
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Decisions and Stages

Stochastic Linear Programs

... are linear programs in which some problem data may be considered uncertain.

Recourse programs

... are those in which some decisions or recourse actions can be taken after uncertainty
is disclosed.

The set of decisions is then divided into two groups

m A number of decisions have to be taken before the experiment. All these decisions
are called first-stage decisions and the period when these decisions are taken is
called the first stage.

m A number of decisions can be taken after the experiment. They are called
second-stage decisions. The corresponding period is called the second stage.
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Two-Stage Program with Fixed Recourse

minz =cTz + Q(x)

s.t. Ax = b,
min z =c"z + E'g[mmq w)Ty(w)] z >0,
T 1 Q(z) = E¢Q(,¢(w))
T(w)x 4+ Wy(w) = h(w), r) = BgQ(z, {(w

x>0,yw)>0.
Q(z,£(w)) = min{q(w)"y|Wy = h(w) = T(w)z,y > 0}.
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Examples of recourse formulation and interpretations

The Location Problem.

Let ¢ =1,...,m index clients having demand d; for a given commodity. The firm can
open a facility (such as a plant or a warehouse) in potential sites j = 1,...,n. Each
client can be supplied from an open facility where the commodity is made available
(i.e., produced or stored). The problem of the firm is to choose the number of facilities
to open, their locations, and market areas to maximize profit or minimize costs.
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The Location Problem. Deterministic version

Decision Variables Cost & Revenue Parameters

¢; = fixed cost to open/operate facility j
vj = variable operating cost of facility j
t;j = unit transportation cost from j to 4
r; = unit price charged to client ¢

d; = demand of client ¢

0 otherwise
y;j = fraction of demand of client ¢
served from facility j

{1 if facility j is open
T =

Total Revenue

If all of client ¢'s demand is satisfied from facility j:
Gij = (ri —vj — tij)d;

where ¢;; is the total revenue obtained.
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The Location Problem. Determinist version

n

m n
max 2(z,y) =- >t Y > aiyi
' j=1 i=1 j=1

n
s.t. E yi; <lL,i=1,---,m,
Jj=1

Ogngxﬁz:l,,m,jzl,,n,
z; € {0,1},7=1,...,n.
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The Location Problem

Several parameters of the problem may be uncertain and may thus have to be
represented by random variables. Production and distribution costs may vary over
time. Future demands for the product may be uncertain.

It is customary to consider that the location decisions x; are first-stage decisions
because it takes some time to implement decisions such as moving or building a plant
or warehouse. The main modeling issue is on the distribution decisions. The firm may
have full control on the distribution, for example, when the clients are shops owned by
the firm. It may then choose the distribution pattern after conducting some random
experiments. In other cases, the firm may have contracts that fix which plants serve
which clients, or the firm may wish fixed distribution patterns in view of improved
efficiency because drivers would have better knowledge of the regions traveled.

15 / 37



Fixed distribution pattern, fixed demand, r; , v; , t;; stochastic

Assume the only uncertainties are in production and distribution costs and prices
charged to the client.

We now show that the problem is in fact a deterministic problem in which the total
revenue ¢;, = (r; — v; — t;;)d; can be replaced by its expectation.
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Fixed distribution pattern, fixed demand, r; , v; , t;; stochastic

3
3
3
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Fixed distribution pattern, uncertain demand

max —Z & Jj.—i—zz E§ v — i)Y + E&-[—Z g w; (w)
j=1 i=1j=1 i=1
T T
=Y 4w @)+ Eg ) rid;
i=1 i=1
e
s.t. Z Vij SMzj, j=1,...,n
=l n
wi (W) — w; (W) = d;(w) — Z yij,i=1,...,m,
7=1
r; €{0,1},0 < gyl (W) > 0wy (W) >0,i=1,....myj=1,..., n
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Uncertain demand, variable distribution pattern

T

max Z CjTj— Z gijw; +E€maxz Z qij(wW)yij(w

s.t.

i=1 j=1
x; E {U,l}, w; >0,7=1,...,n,
T
Zy,j()<1s—] MM,
j=1
m
Z d’d-(w)yij(w) < wjaj = 1 SR
i=1
0<yjw)<zxji=1,....m,j=1,...,n,
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Stages versus periods; Two-stage versus multistage
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Stages versus periods; Two-stage versus multistage

max —Z ¢ 7: +E€ max{z Z qw wa) y” wa) Z j 2 (wa)x: (wg)
i=1 j=1

m n

s B w30 S dl i)
=1 j=1

s.t. Z y?j(wg) <l,i=1,...,m

j=1

D di(wa)yl(w) < Mzj,j=1,....m,

i=1

n
> e < Lim Lo
j=1

m

Z dl(wg)yf](tm) < ]\J(z; +x?(w2))7j =1,...,n,
i=1
1, .2 i
i+ aj(we) <Lj=1,...,n,

wj,al(w) € 0,1}, =1,...,m,
Y (w2) yf(ws) > 0,i=1,...,m,j =1,...,n.
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Two-Stage Stochastic Linear Programs with Fixed Recourse

minz =cTz + Q(x)

s.t. Ax = b,
min 2 ="z + B [min g(w)"y(w)] x>0,
s.t. Ax = b, o) — B0 )
T(w)z + Wy(w) = h(w), ) = BgQw, (w

x>0,y(w) > 0.
Q(z,£(w)) = min{q(w)"y|Wy = h(w) = T(w)z,y > 0}.
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Feasibility Sets

For fixed = and &, the value Q(x,&) of the second-stage program is given by
Q(z.€) = mJD{Q(w)TyIW(W)y = h(w) = T(w)z,y = 0}.

When the above mathematical expression is unbounded below or infeasible, the value
of the second-stage program is defined to be —oo or +00, respectively.

We let defined

Ky ={z|Az =b,x > 0}, Ky = {z]|Q(x) < o0}.

We may now redefine the deterministic equivalent program as follows
min z(z) = ¢’z + Q(x)

s.t.x € K1 N K2.

22 /37



Feasibility Sets

KE = {z| for all ¢ € &,
y > 0existsst. Wy=h—T -z}
= Nee= K2 (&).

The set K4 is said to define the possibility interpretation of second-stage feasibility
sets.
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Feasibility Sets

Theorem 1.

a. For each &, the elementary feasibility set is a closed convex polyhedron,
hence the set KI is closed and convex.

b. When = is finite, then K1 is also polyhedral and coincides with Ks.
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Feasibility Sets

Proposition 2. If € has finite second moments, then

Pw|Q(z,€) < o0) =1 implies Q(z) < oc.

25 /37



Feasibility Sets

Theorem 3. For a stochastic program with fixed recourse where € has
finite second moments, the sets Ky and K2 coincide.
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Feasibility Sets

Theorem 4. When W is fized and € has finite second moments:

(a) Ko is closed and conves.
(b) If T is fived, Ko is polyhedral.

(c) Let Z1 be the support of the distribution of T. If h(€) and T'(€)
are independent and Z1 is polyhedral, then K5 is polyhedral.
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Feasibility Sets

Theorem 5. For a stochastic program with fized recourse, Q(x,&) is

(a) a piecewise linear convex function in (h,T);
(b) a piecewise linear concave function in q;

(¢) a piecewise linear convez function in x for allx in K = K1 NK,.

28 / 37



Optimality Conditions

Theorem 9. Suppose that our problem has a finite optimal value. A solution z* € K;
is optimal if and only if there exists some A\* and p*, (u*,2*) = 0, such that,

—c+ ATX 4+ > € 9Q(z).
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The Expected Value of Perfect Information

(EVPI) measures the maximum amount a decision maker would be ready to pay in
return for complete (and accurate) information about the future.

Suppose uncertainty can be modeled through a number of scenarios. Let £ be the
random variable whose realizations correspond to the various scenarios.
Define

min z(x, &)= ¢’z + min{¢"y | Wy = h — Ta,y > 0}
s.t. Az=b,x > 0,
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The Expected Value of Perfect Information

Let (&) denote some optimal solution to the problem. As in a scenario approach, we
might be interested in finding all solutions z () of the problem for all scenarios and the
related optimal objective values z(Z(£), ).
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The Expected Value of Perfect Information

Here, we assume we somehow have the ability to find these decisions z(§) and their
objective values z(Z(£), ) so that we are in a position to compute the expected value
of the optimal solution, known in the literature as the wait-and-see solution (WS).
WS= Ef [n;in z([ﬁ)}
= Egz(2(£),8)-

We may now compare the wait-and-see solution to the so-called here-and-now
solution, (RP)
RP = min Eé-z(L £)
x

The expected value of perfect information is, by definition, the difference between the
wait-and-see and the here-and-now solution, namely,

EVPI=RP-WS
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The Expected Value of Perfect Information

An example was given in the farmer’s problem. The wait-and-see solution value was

—$115, 406 (when converted to a minimization problem), while the recourse solution
value was —$108, 390. The expected value of perfect information for the farmer was
then $7016. This is how much the farmer would be ready to pay each year to obtain
perfect information on next summer's weather. A meteorologist could reasonably ask
him to pay part of this amount to support meteorological research.
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The Value of the Stochastic Solution

For practical purposes, many people would believe that finding the wait-and-see
solution or equivalently solving the distribution problem is still too much work (or
impossible if perfect information is just not available at any price). This is especially
difficult because the wait-and-see approach delivers a set of solutions instead of one
solution that would be implementable.

A natural temptation is to solve a much simpler problem: the one obtained by
replacing all random variables by their expected values. This is called the expected
value problem or mean value problem, which is simply

EV=min z(z, )
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The Value of the Stochastic Solution

We define the expected result of using the EV solution to be

EEV= Eg(2(2(£),£))

The quantity, EEV, measures how Z(&) performs, allowing second-stage decisions to be
chosen optimally as functions of Z(£) and £. The value of the stochastic solution is
then defined as

VSS=EEV — RP

Recall for the farmer’s problem, EEV = —$107, 240 and RP = —$108, 390, for V SS
= $1150. This quantity is the cost of ignoring uncertainty in choosing a decision.
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Basic Inequalities

Proposition 1.

WS <RP < EEV

Propostion 2. For stochastic programs with fixed objective coefficients, fixed ', and
fixed W,

EV <WS
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Obrigado!

Figure: Illustration by Walter Molino
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